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Wall Temperature Estimation for Heated Underwater Bodies 

J, J. Eisenhuth " and G. H . Hoffman? 
Applied Research Laboratory, The Pennsylvania State University, State College, Pa. 

This study makes usc of the results of similarity sulutions uf the laminar boundary laycr equalia~ns with heat to 
formalize a design procedure for estimating wall temperature and heat flux values necessary In stabilize the 
houndam layer un n class uf underwater bodies. I n  the use of the axisymmelric flow equalions, a relation be- 
tween the equivdcnt u l  fhe Hartree @ for two-dimensional flow and pressure and radius gradient is used. The 
results ut. a trial computation are presented to show the validiv of the prucedure. Information is also presenled 
for the estimatiun uf laminar separation and transition Localions on an axisy~nmelric hodg with a given wall 
temperature distribution. 

Nomenclature 
=specific heat at constant pressure =C;/C& 
= Eckerl nutnber = Uz /C& T, 
=transformed slrearn functmn = $(x ,y ) / (2</R,  ) fi 
=temperature ratio (=  T)= F/T+, 
=shape factor = 6*/0 
=thermal conductivity = k * / k L  
= pressure gradient parameter = ( x /  U, ) (dU, /dx )  
= frcestream Prandtl number = C;,p, / k L  
=heat Clux pcr unit area 
= heat flux coefficient 
=radius coordinate = r*/L* 
=body radius = r:/L* 
= Reynold5 number = ULL'p: / p L  
= Reynolds number = Uzx*pL/p*, 
= Keynolds number = U,'G*pL/pb 
=temperature = F / T ;  
= velocity at edge of boundary layer 

= inviscid vclocity at body surface = q / U + ,  
=velocity in xdirection = u*/U& 
=velocity in y direction = v * / U ;  
= arc length distance along body = x * / L  
= dirtancc normal to body = y * / L *  
=pressure gradienl parameter = (2.$/U, ) (dU,/dE) 
-boundary laycr thickness (dimcnsinnal) 
= displacenlent lhickness (dimcnsional) 
= transforrncd y coordinate = (R, /2E)* U,r,dy 
= momentum thickness (dimensional) 
= Pohlhauscn paraineter = ( 6 / v : )  { d e / & * )  
=radius gradient parameter = ( h / r , )  (dr,/dx) 
= dynaii~ic viscosity = p*/pL 
= kineiilalic viscority = v*p:  /p: 
:transformed x coordinate (dt = U,r$dx) 
= illass density = p*  / pT ,  
=shear stress 
=shear stress coefficient 
=stream function = $*/p*,L*3Ua 

Su hc-rip rs 

crit =critical valuc 
c = evaluated a t  the edge uf the boundary layer 
trans =transition value 
w = evalualcd at the wall 
cu =evaluated in the frccstream 

Sir perscripts 

( ) * - dimensional quantity 
( ) ' =differentiation with respect to 7 

Dinwnsionul Reference Quurrtit res 

L * = referencc lcngth 
Tk = freestream lemperature 
U z  = freestream velocity 

= freestream viscosity 
p', = freestrcam density 

Introduction 

T H E  reporting of this study is meant to fulfill a need for 
providing calculated data and techniques for a designer 

wishing to determine the  surface heat requirements Tor stabil- 
i ~ i n g  thc boundary layer of an axisymmetric body moving in 
water. Because of the  infinilc possible variations ill body pro- 
files, it becomes necessary Lo resort to similar solutions of thc 
boundary layer equalions and tu restrict the choice of bodies 
that sl~ould be considered. Thc type of body t o  which heat call 
be effectively added is unc which has gradually varying 
surface pressure and budy radius over a major portion of thc 
body length. By chovsing a range of values of a fcw 
paramct crs and prvcccdi tig with the boundary layer calcula- 
tions, cnnugh information becomes available to cffcct a 
design procedure. 

The procedure which cvolved is based on thc work origi- 
nally repurlcd in R e f .  I and then greatly simplified in Ref. 2.  
The present work parallels the studies reported in Refs. 3 and 
4. In Rcf. 3, a relationship between the transition Keynvlds 
number and the shape ractor i s  developed on  the basis of ata- 
bility analyses of wedge flows and heal transfer in water and 
the e' type of btability criterion. In Ref. 4 ,  Thwailes' integral 
method is extended to the case nl' heated laminar boundary 
lagcrs in water and used l o  calculate the latninar boundary 
laycr properties including heat transfer. 

Develupment of Equations and Their Solutions 
The conscrvntion equation fur mass, momcnlum, and ther- 

mal encrgy in a steady boundary layer can be written in di- 
mensionless form as 
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Equatlona (1) do not include transverse curvature terms; i.e., 
derivali~cs o f  r (=ro(x)  +ycoc@) with respect t oy  are consid- 
ered malt .  In cffcut , then, r = r , ( x ) .  Aim, t h e  Eckert i~umber ,  
E, when evaluated for waler at expected conditions i n  the free- 
stream i \  a m a l l  quanliry and the term in  which it appears can 
bc dl upped. 

I f  Eqs. (1) are tiainformed according to Ihc Mangler-Levy- 
tees  ti ansrorrnalion, 

and a reduced stream Cunclion, 

and the parameter 

are introduced, Fqs. ( I )  reducc to 

In Eqs. (61, g is uwd in placc of T lo currespond with the 
nurnericlaturc uf  other presentations. If thc fundions f and g 
are assumcd Lu bc independent or the tran,sformcd coordinate 

PRESSlJAE GRADIENT PAKAMElIR. B 
Fig. l Variation ofah* with 0 parameter. 
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Fig. 2 Variation of with 6 parameter. 

{, the following similar-type homogeneous c q u a h n s  result: 

'She attendant boundary conditions are 

As developed i n  Rcf. 2, the pararnclcr 8 of Eqs. (7) is 
related t o  two paramctcrs M I = (x/U,)(dUL,/rLK)I and h 
[ = (2x/r,)(dr,/dx)J by Lbc equation 

rhus reducing by one the paranictcrs relating the mlurion of 
Eqs. (7) to Ihc physical picture introduced by the body and the 
potential f low over that bud?. h values arc known for specific 
locntions on ihc body fruin the details of Ihc cuntour and ,M 
can be deterrnir1c.d from either a measured prcssure distribu- 
tion or cornpulalions from the 13o11glas-Ncumann procedure. 

A finite-dlfTercncc procedure due to H. B. Kcller' was used 
in solvinp Eqs. (7). Thc procedure, k n o ~ t n  aa thc box method, 
was developed by Kellcr and applied succeasfullq by Cebeci 
and Smithh to a wide liiriely of problems. The physical prop- 
erties of water, C,,, p,  p, and k arc a funct~on of turnpcrature 
and are known from in for ma ti or^ prcscnlcd in Kef. 7. 

Results of Houndary Layer Computations 
The boundary layer compulations were performed for a 

parametric study in which thc parameters were ~ a n d  AT 
( =  7', - 7,). In all cases, the ficcslrcam lemperature, F,, 
was kept at 6 0 ° F .  A tabular summary of lhc r e w l t ~  oT this 
parametric study i~ found in Ref. 2. Plots of thcsc data are 
displayed here in Figs 1 -5 .  The data are similar tu those 
prescrllcd i n  Rcfs. 1 and 4, except that in those cascs a slightly 
difKerent T z  (=67"F)  was used and that a greatcr ncgative 
range of ~ is uscd here. 

The hnr~ndary Iaycr thicknerqes, 6* and  I?, are derined in lhc 
sense of  two-din~ensional dcfinitionq, 

PRESSURE GRADIENT PRRRMETW, B 
Fig. 3 Vsriatiun of hl~apc. factor wilh fi parameter. 
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PRESSURt GRADIENT PARAMETER, B 
Pig. 4 Variation oC r, with fi parameter. 

P R F S S l l R E  CRA2IEPdT PARAMERS. B 

F i g .  5 Variation of 4, with paramekr. 

and 

This leads evcntually to slight differences when comparing 
with thickncsses resulting from axisymmetric considcrations. 
1,ittle difference in the ~ h a p e  factor, H (=6*/8), should 
result, however, when t h e  location on the body under con- 
sidcratjon has a rmall boundary layer thickness compared 
with the body radius. For considerations of a laminar 
boundary layer this is, of course, generally true. 

The quantities q6* and v,  shown in Figs. 1 and 2 must be 
transformed to gct A *  and Bas Collows: 

The shcar htress and heat flux quantities, 7, and q. ,  must 
likewise be transformed as follows to get r* and q ' :  

Critical Reynolds Number Correlation 
Stability information in terms of the critical Reynolds num- 

ber, R ,  *,,,,, is available for two-dimensional flow both for the 
case of the unheated boundary with pressure gradient and for 
the flow over a f lat plate with heating at the wall. The results 
of the unheated case are found in Ref. 8 as crilical Reynolds 

VARYING PRESSURE 
GR"41EhT 

7 VARYING TEklPCFAlURE ' \ 

C R I T I C A L  RFYNOIDS NUMBER, R X 1 b 3  
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Fig. 6 Correlahn o l  vt~apr lartor with critical Keynulds number. 
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Fig. 7 Shape factor vs critical Reynolds number. 

nutnber vs the Pohlhauscn parameter, h= ( 6 / v * )  (dU,'/dx*), 
and the heated caFe result$ were obtained from Ref. 7 as 
critical Reynolds numbcr vs wall tcrnperature for a fixed 
TL = 60°F. The A and ATparameters were translated into the 
shape factor H = 6 * / 8 ,  so that in each case R, *,,,, could he 
plotted against H. The curves in Fig. 6 are the result. I t  can be 
seen that there is fair correlation, indicating that the  stability 
of the laminar boundary layer is strongly dependent upon H, 
regardless uf whether it is obtained by favorable pressure 
gradient or by heat. A similar correlarion is reported in  Rcf, 9 
and is also uscd tn  advantagc in Ref. 3 .  

This correlatinn providcs the basis for the developrncnt ol' 
the t ypc nf design information which will be presented here. 
Although based on ~wo-dimensional stability information, the 
correlation is considered valid for the axisymmetric case 
bccause the stability equations, under the assumption that thc 
boundary laycr thickness is small compared Lo the local body 
radius, are the same for both cases. It musr also be stated lhal 
t h e  curve that results from AT is bascd on a constant wall 
temperalure (i.e., no variation in wall temperature with 
distance in [he flow direction). As shown in Ref. 10, a varying 
Arcan  altcr the R,*,,,, curve from the form used here. 

Thc curve in Fig. 6 for varying pressure gradient is repeated 
in Fig. 7 and extrapolated in lhe low N,*,,,, rangc. This curve 
is used subsequently t o  reprcscnl the  variatiun of H with R,* 
rcgarciless of how H i q  obtained. 

Determination of Body Temperature Distribution 
The procedure outlined here follows the approaches pre- 

sented in Rcfs. I and 2. Twu criteria were chosen to insure the 
rnaintenancc of laminar flow: 1) t h e  provision of just enough 
heat to kccp the Reynolds number (based on displacement 
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Tahle 1 Comparison uf laminar separation rcsults for two-dimensional unheated case 

f:, 1; B P P 
(ARL) (Kcller-Cebeci) (ARL) {KelIer-Cebeci) (Smith) 

ItkIPtRATURL DIFFERENCE,  A T ,- OF 

C ig. II Laminar separation limit curve. 

thickness) equal to the critical Reynolds number and; 2) the 
provision of enough heat so that the peak critical Reynolds 
number i q  maintained. These are referred to as "minimum- 
heat" and "maximum-heat" conditions, respectively. The 
minimum-heat criterion implies that, for a particular free- 
slrcam vclocily, cnough hcat is addcd to makc Lhc operating 
Rcynolds number I?,*, equal Lo thc critical value. This should 
insure that there will never be any amplification of waves in 
the laminar boundary layer. The maximum-heat criterion 
Cixes the K,*,,,, at  its maximum value. Whether there i s  ampli- 
fication depends upon the freestream velocity being high 
enough to have the operating R,* exceed the maximum 
H,*,r,r - 

In implementing the temperature hunting procedure, the 
calculaLcd dab uscd for Figs. 1-5 can bc filed and then recov- 
ered by the computer for interpolation purposes. The geom- 
etry and potential f low pressure distributions for a body will 
be known so that an M and a A, and consequently a B, can be 
determined for each point on the body under consideration. 
This will be designated as f i ,  for a particular body point. The 
A T *  required at a body station can be determined by applying 
one of the criteria mentioned and interpolating the data to get 
appropriate quantities corresponding to 0,. In the minimum 
heat case, the procedure would be as foilows: 

1) Pick off H,  vs AT* values corresponding to Po as illus- 
trated by the procedure pictured in Fig. 3 .  These valucs can be 
rcprcscnlcd by curve fits and intermediate values are extracted 
from these fits. A11 the other quantities ( q s * ,  q,, 7,) can be 
similarly handled so that a fitted curve for each of these is 
known as a function of AT* for a particular 0,. 

2) First choose AT* =O. The 7,. corresponding then to 
AT* = O  and 0, can be used tu determine 6' for a particular 
freestrcam vclocity using Eq. (1 1). 

3) Calculate R,* by means of 

This is the operatingR,* . 
4) Enter Fig. 7 with R,* from step 3 to determine a required 

H. R y  entering with the operating R , + ,  we are saying that, in 

i 
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Fig. 9 Variation of B paramcicr with wall shear parameter for 
Falkner-Shan rlows. 

order for this to be the H,.,, , we musr produce a correspond- 
ing value of H. 

5) The H required from step 4 can be used with Ho vs AT* 
curve of stcp 1 to determine the required AT*. This requircd 
AT* now will change the value of  17,. , originalIy determined 
in step 2 for P F  = 0. 

6) Repeat steps 2-5 until the AT* required converges within 
a dcsircd accuracy. 

7) Enter the q, and T~ vs AT* curves established for 0, and 
get the q and T values from Eqs. (13) and (14). 

For the maximum heat case, a slightly different procedure 
is as Iollows: 

I )  Assume H = 2.29. This corresponds approxirnatcly to the 
point where R,  reaches its maximum as evidenced in Ref. 
7. This is not a very precise numbcr and it could be as low as 
H = 2.2. Adding heat beyond the value that produces the max- 
imum N,*,,, will result in R,  *,,j, becoming smaller and thus 
bc counterproductive. 

2) Entcr the curve H ,  vs AT*, determined in step 1 of Lhc 
minimum-hcat procedure, and extract the AT* required for 
H ,  = 2.29. 

3) Extracl g, and 7, for AT* of step 2 from curves of y, and 
7, vs ar also determined in step 1 of the minimum-heat pro- 
cedure and again convert to g and T via Eqs. ( 1 3 )  and (14). 

Laminar Separation 
An attempt was made to obtain limits of fl for different 

AT* value? beyond which laminar separation would occur. 
Using the criterion that the skin friction vanishes at the point 
of aeparalion, curves of T,  vs 0 were extrapolated to obtain 
the desired limits. The computer program will not calculate a 
solution to thc boundary layer equations at T =0, SO that ex- 
trapolation is neccssary. Figure 8 is the re~ul t  of those extrap- 
olations. For a given local Lcmperature difference, laminar 
separalivn will occur for values of f l  bcIow the curve. The 
relatively small cffect of temperature difference on laminar 
separation is apparent. A curve such as this was given in Ref. 
11 and is plotted in part in Fig. 8.  

As a check on the accuracy of the calculated separation 8,  
an attempt was made to get as close to separation as possible 
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h I 
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B 

Fig. 10 Transition Heynnldr nambcr rarialion with shape ratlor 
Irum e9 stability calr~~latinns. 

Table 2 Transition Heynoldh number varjatiun with shape factor 

H R x , : w <  k 1 0  (RA,rd,,,) 

2 .ZOO0 0.32909E 0'1 8.51732 
2.25000 11,1!)074E 09 8.28045 
1.30nM 0.1 1067E 09 8.04405 
2.35LWKI O.h43'X)E 08 7.80882 
1.40WO 0.3762SE OH 7.57548 
2.45000 0.221 17E 08 7.34473 
?.5MO(l 0.13100E 08 7.1  17311 
2 3 5UUO 0.78324E 0 7  6.89390 
2.h00UJ 0.47341E 07 6.67524 
2.65000 0.2897hE 07 6.46204 
2.70WO 0.1.74R9t 07 6.25501 
2. 7500U 0.1 1346E 07 6.0548h 
2.XoNM 0.72829F Oh 5.86231 
2.84999 U.376.ilE 06 5.67808 
2.90000 0.31832t 06 5.50287 
2.95UOfl 0.21747E Oh 5.33741 

for thc unheated two-dimensional case. This is l h c  solution 
for Falkner-Skan flows where f l  is imw the Falkncr-Skan 8. 
T h e  results wcrc then compared with those prcscrlted in Kef. 
6 and the comparison i 5  shown in Table 1 .  Thc J: value?, rep- 
rewriting thc slope of the velocity profile a1 Ihe wall, and the 
correspundirig 3 \ 'ali~es are compared. Richardson'? extrapo- 
lation" was used to get rhe A R I ,  values of J; .  

.4s can be seen, the Smith and ARL values compare favor- 
ably ncar laminar separation. The Kellcr-Cebeci values of at 
lamir~ar separation does not appear Lo plot smoothly with the 
rcsl of the values listed and thus appears to be in error. A plot 
of fl, v s  9 for the  A K L  resulls appear in Fig. 9. Values 
corresponding to reverse flow also appear in this plot. 

'Iransition 
The pledictiun of transition for a given ternperaturc distri- 

bution on a body i'ollows the same lines as prcscnted in Ref .  1 .  
I he basis for the method ured here is thc plot ol' a hand of 
calculated data supplied through thc coi~riesy nf A .  M. 0. 
Smith (see Fig. 10). The band marks the range of valucs of 
RYTr nr vs H that  *ere obtaincd from e Y  stability calculalions 

f n r  a variety uf hcalcd atid unheated wcdges. This 
kind of dara also appears in Ref.  3. It would bc logical to 

5 . 0 1  -- - 
-0.3 -0.2 -0.1 0.0 0 . 1  0.2 U.3 0 . 4  0.5 0.6 

PRESSURE GRADIENT P A R A M E T E R  R 

fig. I I Cakulated transition Keynolds number data. 
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Fig. 12 Transition Reynddc number variation with shape fwldrr. 
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Fig. 13 Rod! contuur and prrsaurr. distribution Cor trial 
computation. 

choosc the lower bound of this band as the transilion 
crikrion. Values for such a curvc are given in tabular form in  
Table 2. Tianslating H into 9 and AT* by way of similarity 
solutions, the plots shown in  Fig. 1 1  result. T h e x  curves 
iridicate the tranqition Rcynolds number that wvuld corres- 
pond to particular valucs of f i  and AT*. 

As stated i n  Ref. 1 ,  thc curves used as  the crilcrion for 
transition i s  generally ophmistic; that i c ,  it predicls iransition 
at a liigller Reynold5 numbcr than some available unheated 
body transition data would indicate. This is evidenced by the 
experimental points plotted in comparison with the  transition 
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