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Wall Temperature Estimation for Heated Underwater Bodies

1. 1. Eisenhuth* and G. H. Hoffmant
Applied Research Laboratory, The Pennsylvania Stale University, State College, Pa.

This study makes usc of the results of similarity svlutions of {he lnminar boundary layer equatinons with heat to
formalize a design procedore for estimating wall temperature and heat flux values necessary to stabilize the
houndary layer on a class of nnderwater hodies. In the use of the axisymmelric flow equations, a relation be-
tween the equivalent of the Hartree 3 for two-dimensivnal flow and pressure and radius gradient is used. The
results of a trial compuiation are presented to show the validity of the procedure, Information is also presenled
for the estimation of laminar separation and transilion locations on an axisymmelric body with a given wall

temperature distribution.

Nomenclature
€,  =specific heat at constant pressure = Cr/iCha
E = Eckerl number = U, 2/C;.. T,
Fi =transformed stream function = ¥(x, ¥)/(2£/R,) *
g = temperature ratio (= 1}=T*/T},
H =shape factor = 6*/¢
K = (hermal conductivity = &*/k7,
M  =pressure gradient parameter = (x/ U, } (dU, /dx)
P, =frcestream Prandtl number =C} o /43,
g* = hcat Mux per unit area
q. = heat flux coefficient
r =radius coordinate = r*/L"
r,  =bodyradius=rp/L"
R,  =Reynolds number = ULL*p, o
R,  =Reynolds number = U7x"p%, /u%
R,+ =Reynolds number = U8% 0% /pi
T =temperature =T"/T7,
U, =welocity at edge of boundary layer
=inviscid velocity at body surface = U3/ UG
u =velocity in x direction = &* /U,
v =velocity in ¥ direction =v*/U%,
X =arc length distance along body = x*/L*
¥ =distance normal to body = y*/L*
3 =pressure gradienl parameter = 2£/U,) (av,/d48)
& =boundary layer thickness {dimensional)
&* = displacement thickness (dimensional}
n = transformed y coordinate =R, /2£) " U, rydy
d = momentum thickness (dimensional)
A = Pohlhausen parameter =(§/»%) (dUF/dx™)
A = radius gradient parameter = (2x/r,) (dry/dx)
7 = dynamic viscosity = u*/ 1,
v = kinemalic viscosity = »*p2, /ph
£ = transformed x coordinate (df = U, ridx}
o =mass density = p*/p?,
7" =shear stress
T, =shear stress coefficient
¥ =stream function =y */p% L*IUL
Subscripts
crit  =critical valuc
¢ = evaluated at the edge of the boundary layer
trans = transition valug
w = evalualed at the wall
o =evaluated in the freestream
Superscripts

{ )* = dimensional quantity
{ )’ =differentiation with respect to 5
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Dimensionaf Reference Quaniities

r*  =reference length

T:  =freestream lemperature

L* =freestream velocity

ut  =freestream viscosity

ot =freestrcam density
Introduction

HE reporting of this study is meant to fulfill a need for

. providing calculated data and techniques for a designer
wishing to determine the surface heat requircments for stabil-
iving the boundary layer of an axisymmetric body moving in
water. Because of the infinilc possible variations in body pro-
files, it becomes necessary Lo resort to similar solutions of the
boundary layer equations and to restrict the choice of bodies
that should be considered. The type of body te which heat can
be effectively added is onc which has gradually varying
surface pressure and body radius over a major portion of the
body lengih. By choosing a range of values of a few
parameters and proceeding with the boundary layer calcula-
tions, cnough information becomes available to ecffect a
design procedure.

The procedure which cvolved is based on the work origi-
nally repoeried in Ref. 1 and then greatly simplified in Ref. 2.
The present work parallcls the studies reported in Refs. 3 and
4. In Ref. 3, a relationship between the transition Reynolds
number and the shape factor is develeped on the basis of sta-
bility analyses of wedge fiows and heal transfer in water and
ithe e? type of stability criterion. In Ref, 4, Thwailes’ integral
method is extended to the case of heated laminar boundary
layers in water and used Lo calculate the laminar boundary
laver properties including heat transfer.

Development of Equations and Their Solutions

The conservation equation for mass, momentum, and ther-
mal encrgy in a steady boundary layer can be written in di-.
mensionless form as
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Equations {1} do not include transverse curvature terms; i.e.,
derivatives of r {=r,(x) + pcosg) with respect to y are consid-
ered small, In effect, then, r=r,(x). Also, the Eckert number,
E, when evaluated for waler al expected conditions in the free-
stream is a small quantity and the term in which it appears can
be dropped.

If Eqgs. (1) are transformed according 1o the Mangler-Levy-
Lees translormalion,

dg=U,ridx 2
dy= (R,/28) " U,r,dy (3)

and a reduced stream lunclion,
v(xy)=(25/R,) “f(En) 4)

and the parameter

B== )

are introduced, Egs. (1) reduce Lo
(ouf™ )" + " 48110 —f"y=28U/"F{—F"f:)
(1P lpkg’ ) +Cpfe’ =25C, (F'8: — &' f¢) (6)
In Eqgs. (6), g is used in place of T to correspond with the

nemenclature of other presentations, If the funclions f and g
are assumed Lo be independent of the transformed coordinate
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Fig. 2 Variation of 5; with 3 parameter.

WALL TEMPERATURE ESTIMATION FOR UNDERWATER BODIES 51

£, the following similar-type homogeneous cquations result:
(owf"} +B8U/p—f" )+ =0
PO e+ (pkg) =0 {N
The attendant boundary conditions are

Aty=10:

Al g—o0;
fr=i g—~1

As developed in Ref. 2, the paramcier 3 of Eqgs. (7) is
related to two paramecters M [ =(x/UNdU,/dxy] and X
[ ={2x/rp)(dr,/dx)}] by the equation

2M

g M+h+! @
thus reducing by one the parameters relating the solution of
Egs. (7) to the physical picture intreduced by the body and the
potential Mow over that body. A values arc known for specific
locations on the body from the details of the contour and M
can be determined from either a measured pressure distribu-
tion or computations from the Douglas-Neumann procedure.

A finite-difference procedure due to H, B, Keller® was used
in solving Egs. (7). The procedure, known as the box method,
was developed by Keller and applied successfully by Cebeci
and Smith® to a wide varicly of problems. The physical prop-
erties of water, C, p, 1, and & arc a function of temperature
and are known trom information presenled in Ref. 7.

Results of Boundary Layer Computations

The boundary layer compulations were performed for a
parametric study in which the parameters were 3 and AT
{(=T,—7,). In all cases, the frecstream lemperature, 77,
was kept at 60°F. A tabular summary of the results of this
paramctric study is found in Ref. 2, Plots of these data are
displaycd here in Figs. 1-5. The data are similar to those
presented in Refs. 3 and 4, except that in those cascs a slightly
different 70 (=67°F) was used and that a greater negative
range of is used here.

The houndary layer thicknesses, 6* and 8, are defined in the
scnse of two-dimensional definitions,

A=

5= .\0 (7—pu)dp* (9
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Fig.3 Variation of shape factor with § parameter.
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and

f= Sopu(.’—u}dy'

This leads eventually to slight differences when comparing
with thicknesses resulting from axisymmetric considerations.
Little difference in the shape factor, A (=§*/8), should
resuit, however, when the location on the body under con-
sideration has a small boundary layer thickness compared
with the body radius. For considerations of a laminar
boundary layer this is, of course, gencrally true.

The quantities n,+ and 5, shown in Figs. 1 and 2 must be

transtformed to get 8* and A as follows:

5% = (B/M) * (vax™/UY) Hrnge

6= (B/M) 7 (pox™1U7) Py

The shear stress and heat flux guantities, 7, and g, must
likewise be transformed as follows to get 7* and g*:

=t U U v x®) 2 (MB3) #r,

g =kL (Ui x™y 7 (M13) Yq,

Rﬁcrit *

w™

Fig.7 Shape factor vs critical Reynolds number.

number vs the Pohlhausen parameter, A= (6/¢*) (dU/}/dx™),
and the heated case rcsults were oblained from Ref. 7 as

(10

critical Reynolds number vs wall temperature for a fixed

T* —60°F. The A and AT parameters were translated into the
shape factor H=28"/8, so that in each case Rj; *; could be

plotted against . The curves in Fig. 6 are the result. 1t can be
seen that there is fair correlation, indicating that the stability
of the laminar boundary layer is strongly dependent upon H,
regardless of whether it is obtained by favorable pressure
gradient or by heat. A similar correlation is reported in Ref. 9
and is also used to advantage in Ref. 3.

This correlation provides the basis for the development of
the tvpe of design information which will be presented here.

Allhough based on two-dimensional stability information, the
correlation is considered valid for the .axisymmetric case

Qan

because the stability equations, under the assumption that the

boundary layer thickness is small compared Lo the local body

12

radius, are the same for both cases. It must also be stated Lhat

the curve that results from AT is based on a constant wall

(13)

temperature (i.e., no variation in wall temperature with
distance in the flow direction), As shown in Ref. 10, & varying
AT can alter the B+, curve from the form used here.

The curve in Fig. 6 for varving pressure gradient is repeated

in Fig. 7 and extrapolated in the low R+, range. This curve

(14)

regardless of how H is obtained.

Critical Reynolds Number Correlation

Stability information in terms of the critical Reynolds num-
ber, R =, is available for two-dimensional flow bath for the
case of the unheated boundary with pressure gradient and for
the flow over a flat plate with heating at the wall. The results
of the unheated case are found in Ref, 8 as critical Reynolds

is used subsequently to represcnl the variation of A with R+

Determination of Body Temperature Distribution
The procedure outlined here follows the approaches pre-
sented in Refs. 1 and 2. Two criteria were chosen to insure the
maintenance of laminar flow: 1) the provision of just encugh
heat to kccp the Reynolds number (based on displacement
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Table 1 Comparison of laminar separation results for iwo-dimensional unheated case
- w g ) 8
{ARL) {Kelter-Cebeci) (ARL) {Kelter-Cebeci) {Smith)
+ 00064472
. 00076458 0 —.19891 —-.20259 — 198838
0551894 5517 —.193 -.19528 ~-.195
0857052 (08570 —.190 -, 19023 —.1%0
128638 12864 ~. 180 — . 18025 —.180
190780 A9G78 —.160 —.16016 —.160
239736 23974 —.140 -, 14024 —.140
319270 L1927 —.100 —. 10017 —.100
400322 .40032 —.050 —.05031 —.050
469600 46960 0 —.00031 0

-0.21

-0.22

PRESSURE GRADIENT PAHAMLETER, P

-0.23
il

IEMPERATURL DIFFERENCE. A T ~ UF
Laminar separation limit curve.

Fig. 8

thickness) equal to the critical Reynolds number and; 2) the
provision of enough heat so that the peak eritical Reynolds
number is maintained, These are referred to as “*minimum-
heat’” and **maximum-heat’® conditions, respectively. The
minimum-heat criterion implies that, for a particular free-
siream velocily, enough heat is added to make the operating
Reynelds number R s, equal Lo the eritical value, This should
insure that there will never be any amplification of waves in
the laminar boundary layer. The maximum-heat criterion
lixes the R s ; atits maximum value, Whether there is ampli-
fication depends upen the freestream velocity being high
enough to have the operating R;* exceed the maximum
Rﬁ*crir -

[n implementing the temperature hunting procedure, the
calculaled data uscd for Figs. 1-5 can be filed and then recov-
ered by the computer [or interpolation purposes. The geom-
etry and potential flow pressure distributions for a body will
be known so that an M and a A, and consequently a 3, can be
determined for each point on the body under consideration.
This will be designated as 3, for a particular body peint. The
AT* required at a body station can be determined by applying
one of the criteria mentioned and interpolating the data to get
appropriate quantities corresponding to 3,. In the minimum
heat case, the procedure would be as follows:

1) Pick off H, vs AT* values corresponding to 3, as illus-
trated by the procedure pictured in Fig. 3. These valucs can be
represented by curve fits and intermediate values are extracted
from these fits. All the other quantities (n;+, ¢,, 7.) can be
similarly handled so that a fitted curve for each of these is
known as a function of AT for a particular 8,.

2) First choose AT*=0. The »,+ corresponding then to
AT*=0 and (3, can be used to determine * for a particular
freestream velocity using Eq. (11).

3) Calculate R+ by means of

Ry =8U3 /vl (15)
This is the operating R ;.

4) Enter Fig, 7 with R;+ from step 3 to determine a required
H. By entering with the operating R+, we are saying that, in
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Fig. % Variation of § parameter with wall shear parameter for
Falkner-Shan flows,

order for this to be the R ;. we must produce a correspond-
ing value of H.

5) The H required from step 4 can be used with A, vs AT*
curve of step 1 to determine the required AT*, This required
AT* now will change the value of y;», originally determined
instep 2 for AT* =0,

6) Repeat steps 2-5 until the AT* required converges within
a desired accuracy.

7) Enter the g, and 7, vs AT* curves established for 8, and
get the ¢ and 7 values from Eqgs. {13) and (14).

For the maximum heat case, a slightly different procedure
is as lollows:

1) Assume H =2.29. This corresponds approximately to the
point where R+ . reaches its maximum as evidenced in Ref.
7. This is not & very precise numbecr and it could be as low as
H =2.2, Adding heat beyond the value that produces the max-
imum Rg» . will result in R+ . becoming smaller and thus
be counterproductive.

2) Enter the curve H, vs AT*, determined in step 1 of the
minimum-hcat procedure, and extract the AT* required for
H,=2.29,

3) Extracl g_and r, for AT™ of step 2 from curves of ¢, and
7. vs AT* also determined in step 1 of the minimum-heat pro-
cedure and again convert to ¢ and 7 via Eqgs. (13) and (14),

Laminar Separation

An attempt was made to obtain limits of 3 for different
AT* values beyond which laminar separation would occur.
Using the criterion that the skin friction vanishes at the point
of separalion, curves of r, vs § were extrapolated to obtain
the desired limits. The computer program will not calculate a
solution to the boundary layer equations at r=0, so that ex-
trapolation is necessary. Figure 8 is the result of those extrap-
olations. For a given local lemperature difference, laminar
scparalion will occur for values of 3 below the curve, The
relatively small cffect of temperature difference on laminar
separation is apparent. A curve such as this was given in Ref.
11 and is plotted in part in Fig. 8.

As a check on the accuracy of the calculated separation 3,
an attempt was made to get as close to separation as possible
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Table 2 Transition Reynolds number variation with shape factor R _
6,4 - 4
H R’fr:ans h}gm (R*lmns)
B2 J
2.20000 0.32908E (9 8.51732 ‘
2.25000 {3, 19074E 09 5.25045 e.0 - ;
230000 0.11067E 09 8.04405 5.32'-2 i3 2 1 e 75 3 - —343
2.3304K) 0.64390E 08 T.80882 ' i ' ’ ' ..5°
2.40000 0.37625E 08 7.57548 SHAPE FACTOR, o =3
2,45000 0.22117L 08 7.34473 Fig. 12 Transition Reynolds number variativn with shape factor,
250000 0.13100F 08 711730
255000 {.7R324E 07 6.89390
2.60000 0.47341E 07 6.67524 S —
2.65000 0,28976L 07 6.46204 ook |
2.70000 0. 17989E 07 6.25501 . |
2.75000 0.11346E 07 6.05486 0.
2. 50000 0.72829F 06 5.86231 o.1f
2.84999 0.476351E 06 5.67808 0.6t 1.
2.90000 0.31832E 06 5.50287 oot 15
2.95000 0.21747E 06 5.33741 [ o4 iZ
E o3 {5
= 5]
g 0 1%
for the unheated two-dimensional case. This is the solution Sl ¢ clrut %
for Falkner-Skan flows where 3 is now the Falkner-Skan 3. g o _____Pg 1z
These results were then compared with those presented in Ref. 0.1 — .
6 and the comparisen is shown in Table 1. The £, values, rep- 0.3 ]
resenting the slope of the velocity profile al the wall, and the s BODY CONTOUR 0
corresponding 3 values are compared. Richardson’s exirapo- L 3 dos
lation® was used to get the ARY. values of /). N . . , . . PPN ,
m T 62 03 04 %5 0.6 G 08 09 LD

As can be seen, the Smith and ARL values compare favor-
ably near laminar separation. The Keller-Cebeci values of 8 at
laminar separation does not appear Lo plot smoothly with the
rest of the values listed and thus appears to be in error. A plot
of f" vs 3 for the ARL resulls appear in Fig. 9. Values
corresponding to reverse flow also appear in this plot.

Transition

The prediction of transition for a given temperature distri-
bution on & body follows the same lines as presented in Ref. 1.
The basis for the method used here is the plot ol a band of
calculuted data supplied through the courtesy of A. M. O.
Smith (see Fig. 10). The band marks the range of valucs of
R, vs H that were obtained from e? stability calculations
perlaormed for a variety of hcaled and unheated wedges. This
kind of data also appears in Ref. 3. 1t would be logical to

RELATIVE AXIAL BIMERSION, Z

Fig, 13 Bedy contour and pressure distribution for trial
computation.

choose the lower bound of this band as the tramsilion
crilerion. Values for such a curve are given in tabular form in
Table 2. Translating A into 3 and AT* by way of similarity
solutions, the plots shown in Fig. 11 result. These curves
indicate the transition Reynolds number that would corres-
pond to particular valucs of and AT*.

As stated in Ref. 1, the curves used as the criterion for
transition is generally oplimistic; that is, it predicts Lransition
at a higher Reynolds numbcr than some available unheated
body transition data would indicate. This is evidenced by the
experimental poinis plotted in comparison with the transition
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Fig. 15 Reynolds number comparison for minimum (emperalure
digtribution,

curve in Fig. 12. The data points are taken from Ref. 12 and
the A values for these data were obtained from information in
Fig. 3.

Trial Computation

In order Lo cheek the validity of using the scheme developed
previously in this paper, a trial compulation was performed.
The body used for this computation was the one cmployed in
the horizontal buovancy study reported in Ref. 13. Plois of
the body contour and C, distribution appear in Fig. 13, This
body, with its moderately favorable pressure gradient over a
larger portion of its length, is typical of the kind of under-
water body whose transition might be effectively delayed by
use of surface heating.

The kinds of temperature difference distributions that were
cstimated arc shown in Fig. 14, Note that there are two sets of
maximum and minimum disiributions. The set labeled *I°’
resulied from applying the scheme without any adjustments,

Figure 12 suggests that, if the Smith curve were moved to
the left by decreasing the A values of the curve by 3%, most
of the experimental data would fall just on or above the curve.
The H values for the experimental points were obtained from
the solution of Eq. (7), whercas the computations on which
the original band of computed data was based came from the
sofution of the nonsimilar equations. It has been obscrved
that, at least for bodies of the type appearing in Fig. 13, the
shape factors calculated via the nonsimilar equations arc
generally about 3% higher than those obtained from the
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Fig. 16 Reynolds number comparison for maximuam temperature
distribution,

similar solutions, It one now moves the curve of Fig. 12 to the
left by reducing the A values by 3% and uses this as the
transition criterion, one would expect that the H’s calculated
by way of similar sclutions would give transilion Reynolds
number values close to values that are consislen! with ex-
perimental and ¢* calculated results.

Suprisingly, a 3% change in J causes a considerable change
in lcmperature difference, as indicated by the curves labeled
“II"” in Fig. 14. This change is further reflected in the R»
calculated by the nonsimilar boundary layer computations in
the Transition Analysis Program System {TAPS) described in
Refs, 14 and 15. Points showing the adjusted and unadjusted
values of R+ along the body for a freestream velocity of
15.24 m/s are seen in Fig, 15 for the minimum-heat case.
These points are superimposed with the H vs Rg* ., curve
(rom Fig. 7. Il can be seen that, for case 11, the points follow
the critical curve very closely in the region where heat is
added. Finally, similar adjusted and unadjusted cases for the
maximum heat additon are shown in Fig. 16, again for a
freestream velocity of 15,24 m/s. As one would expect, both
sets of points are below the critical curve until the region on
the body where abrupt changes in €, oceur is reached.

As one would also expect, when the TAPS stability analysis
was applied to the two cases for maximum heat for a free-
stream velocity of 15.24 m/s, the e® amplificalion was not en-
countered until the region of strong adverse pressurc gradient
was reached. For minimum heat the same was true lor the
adjusted case {[1) whereas, for the unadjusted case (1), transi-
lion was indicated a short distance back on the nose.

Conclusions

The technique presented in this paper permits one to esti-
mate, in a relatively easy manner, the temperature distribu-
tion necessary to stabilize the flow over a particular class of
axisyramelric body. This technique also provides a means for
approximatety determining thc local heat flux, skin friction,
the laminar separation point, and the point of transition for a
given temperature distribution on an axisymmetric body.

All these estimates can be made by using the values of the
various quantities presented in the tables in Ref. 2 or the
curves provided here and by following the interpolative pro-
cedures and criteria that have been outlined. A simple compu-
ter program to do this can be easily written.

A check on the validity of the scheme was established by
comparing some experimental data with a band of computed
2% information and by applying TAPS to a particular repre-
sentative axisymmetric body.
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